We calculate the Heegaard genus, h(M), of the closed non-orientable Seifert manifolds. If a 3-manifold M admits a decomposition M = H 1 ∪ H 2 ∪ H 3 into three orientable handlebodies of genera g 1 , g 2 , g 3 , respectively, and g 1 g 2 g 3 , we call the triple
Introduction
It is a well-known and basic fact in Low-Dimensional Topology that every closed 3-manifold M can be represented as the union of two homeomorphic handlebodies with disjoint interiors, M = H 1 ∪ H 2 . The least possible genus of the handlebodies, among all such Heegaard decompositions, is called the Heegaard genus of M, and is denoted by h(M). The computation of this invariant is usually not an easy task, and is always interesting to calculate the Heegaard genus of the better known examples of 3-manifolds. Boileau and Zieschang calculated the Heegaard genus of almost all the closed orientable Seifert manifolds. In this work we calculate the Heegaard genus of essentially all the closed non-orientable Seifert manifolds. In the undecided cases (which appear among the nonorientable Seifert manifolds with exactly one exceptional fiber) we give very restrictive bounds for the Heegard genus (Section 5).
If M is an orientable 3-manifold, then the handlebodies H 1 , H 2 of a Heegaard decomposition of M are orientable. But if M is non-orientable, then the two handlebodies are necessarily non-orientable. However, as was recently shown [3] , any M can always be represented as the union of three orientable handlebodies with pairwise disjoint interiors, M = H 1 ∪ H 2 ∪ H 3 . The 3-manifold M is said to have tri-genus (g 1 , g 2 , g 3 ), if it can be represented as the union of three orientable handlebodies H 1 , H 2 , H 3 as above, with genera g 1 , g 2 , g 3 , respectively, and such that (g 1 , g 2 , g 3 ) is the minimal possible triple among all such triples, with respect to the lexicographic ordering. The tri-genus of an orientable manifold M is of the form (0, 0, g 3 ), for M has an orientable Heegaard decomposition, and an orientable handlebody can be decomposed into the union of two 3-balls; since the tri-genus is additive with respect to connected sums (see [4] ), and the tri-genus of S 2 × S 1 is (0, 0, 0), by taking the connected sum of M with many copies of S 2 × S 1 , we obtain a manifold with a fixed tri-genus (0, 0, g 3 ), but arbitrarily large Heegaard genus.
For a non-orientable manifold it is an interesting problem to relate the numbers g 1 , g 2 , and g 3 to some other invariants of M, easier of compute, or at least better known. In [4] , a relation of this kind was obtained for g 1 and g 2 : let SWg(M) denote the StiefelWhitney genus of a non-orientable closed 3-manifold M, which is the minimal genus of an orientable surface representing the Poincaré dual of the first Stiefel-Whitney class of M (see Section 4) ; if the Bockstein of the first Stiefel-Whitney class of M vanishes, βw 1 (M) = 0, then g 1 = 0 and g 2 = 2SWg(M); and if βw 1 (M) = 0, then g 1 = 1 and g 2 2SWg(M) − 1 (deciding whether an equality holds in the last inequality for g 2 seems to be a rather difficult task). In this work we calculate the Stiefel-Whitney genus of all closed non-orientable Seifert manifolds, and, therefore also the number g 2 .
What can be said about g 3 ? It was suggested [4, Remark after Corollary to Theorem 2.4] that, avoiding non-separating 2-spheres, say, by considering a prime manifold M, the number g 3 may be related to the Heegaard genus of M by h(M) = g 3 + 1, or = g 3 , depending on if βw 1 (M) vanishes or not, respectively. In this work we show that a relation, if any, between h(M) and the number g 3 cannot be that simple even in the class of nonorientable Seifert manifolds:
In Theorem 6.1 we show that if M is a non-orientable Seifert manifold, then in the generic case (Theorem 6.1(iii), and (iv)), it holds that g 3 h(M). But, under different conditions (Theorem 6.1(ii)), namely, if M is in addition a bundle over S 1 with fiber an orientable surface, we can have g 3 arbitrarily large, say, just by considering an M with many exceptional Seifert fibers of high order. For example (we use Seifert's notation [8] ; see also Section 2), if M = (NnI, 3|(1, 0), (2, 1) , (α, 1)), where α is odd, then by Theorem 6.1(ii), g 3 = 10α −2 for this M; if we let α vary in the set of odd numbers, then g 3 goes to infinity. But, by Theorem 5.1(iia), for any choice of α, it holds that h(M) = 4 (in the simplest case, α = 3, we have g 3 = 28). Thus we see from this example that g 3 seems to be an independent quantity of h (M) .
Along this work we touch upon several interesting matters concerning non-orientable Seifert manifolds. In Section 2 we establish an easy criterion, in terms of the Seifert invariants, for deciding whether Bockstein of w 1 (M) is zero or not (Theorem 2.1). In Section 3 we compute, in terms of the Seifert invariants, the minimal genus of a surface F such that M fibers over S 1 with fiber F (Theorems 3.1 and 3.2). In Section 4 we compute, in terms of the Seifert invariants, the Stiefel-Whitney genus of M (Theorem 4.2). In Section 5 we compute the Heegaard genus of the non-orientable Seifert manifolds.
And finally, in Section 6, we construct explicit decompositions of the non-orientable Seifert manifolds into three orientable handlebodies.
In Section 2 we make use of the following result:
Lemma 1.1 [3] . Let M be a non-orientable 3-manifold. 
Homology of Seifert manifolds
Throughout the rest of this section M is a closed Seifert manifold and p : M → G is the orbit projection. There are six classes of Seifert manifolds, depending on the valuation e : H 1 (G) → Z 2 of the orbit surface [8] . A simple closed curve α in G has value e(α) = +1, or −1, if the translation of a fiber h in M along α preserves or reverses the orientation of h, respectively. It is an easy task to compute a presentation of the first homology group of a Seifert manifold M, just by examining its associated Seifert symbol. We list the classes of Seifert manifolds (with the notation as in [8] ) together with such a presentation:
(Oo) The orbit surface G is orientable of genus g 0, and all simple closed curves of G have value +1.
where the presentation (here and in the following) is an Abelian group presentation.
(On) The orbit surface G is non-orientable of genus k 1, and all simple closed (orientation reversing) curves of a canonical basis of G have value −1. β 1 ) , . . . , (α r , β r ) , then
(No) The orbit surface G is orientable of genus g 1, and all simple curves of a canonical basis of G has value +1 except one, say a 1 , for which e(a 1 ) = −1.
(NnI) The orbit surface G is non-orientable of genus k 1, and all simple closed curves have value +1.
(NnII) The orbit surface G is non-orientable of genus k 2, and if v 1 , . . . , v k is a canonical basis of orientation reversing curves on G, then e(v i ) = −1, for i = 2, . . . , k; and e(v 1 ) = +1.
(NnIII) The orbit surface G is non-orientable of genus k 3, and if v 1 , . . . , v k is a canonical basis of orientation reversing curves on G, then e(v i ) = −1, for i = 3, . . . , k; and e(v 1 ) = e(v 2 ) = +1.
In all cases h is the class of an ordinary fiber of M, and q 1 , . . . , q r are curves contained in neighborhoods of the exceptional fibers of M.
Remark. In the presentation of the first homology group of the Seifert manifold M = (Xx, m| (1, b) , (α 1 , β 1 ), . . . , (α r , β r )), the generators q 1 , . . . , q r , h are represented by orientation preserving curves in M, for they are contained in solid tori of M. Thus to find orientation reversing generators, one must look at the generators arising from the orbit surface.
Let M be a Seifert manifold. We write M ∈ (Xx, m) if M is of class Xx, and has orbit surface of genus m.
We shall prove two auxiliary lemmas in order to obtain the useful Theorem 2.1. First some technical definitions:
Let M = (Xx, m| (1, b) We define δ 1 = 1; α 1 = α 1 ; β 1 = β 1 .
Choose integers ρ 1 , σ 1 such that α 1 ρ 1 + β 1 σ 1 = 1, and we define
Suppose that we have defined integers δ i , ρ i , σ i , α i , β i , and elements u i , x i ∈ H , for i 1. Then we define
Choose integers ρ i+1 , σ i+1 such that α i+1 ρ i+1 + β i+1 σ i+1 = 1, and we define
Proof. (a) By induction on r. The first induction step is 
. . .
In particular, if
Proof. The lemma follows by induction on r, applying successively the Tietze moves suggested by the definitions of u j and x j , for j = 1, . . ., r, and chasing the isomorphism induced by each Tietze move. For example, the first induction step goes as follows: Since
we have that h = α 1 u 1 , and q 1 = −β 1 u 1 in the group H . We perform the substitutions Proof. In the following we modify the presentation of the first homology group of M given at the beginning of this section, and using the corollary to Lemma 1.1, we determine if βw 1 (M) is the homomorphism zero or not, by looking for orientation reversing curves of finite order. 
where the substitution t = v 1 + · · · + v 2k was made. All the v i 's are orientation reversing in M. Since t is the sum of an even number of orientation reversing curves, t is orientation preserving in M. It is clear that the torsion elements of H 1 (M) are all contained in the right summand of the presentation above. Therefore all curves of finite order in H 1 (M) preserve the orientation in M; and βw 1 
The curves v 1 and v 2 are orientation reversing, and v i is orientation preserving in M, for i = 3, . . . , k. So t is orientation preserving in M. We conclude, as in case (2) , that βw 1 
Since v 1 is orientation reversing, and v i is orientation preserving in M, for i = 2, . . ., k, so t is orientation reversing in M. The second summand in the last presentation is clearly a torsion group, thus t has finite order in H 1 (M). We conclude that βw 1 
Since t is the sum of an odd number of orientation reversing curves, so t is orientation reversing in M. Using Lemma 2.2, we see that
, that is, w is a reversing orientation curve, and w has finite order in H 1 (M), for t is orientation reversing, and u r is orientation preserving. Therefore βw 1 
Case 2: λ is odd, say λ = 2 + 1. If w = − u r + t, and v = λu r − 2t, then u r = 2w, and t = λw + v; we have t, x 2 , . . . , x r , u r :
Since x 2 , . . . , x r are orientation preserving curves in M, and generate the torsion of
Fiberings over S 1
In what follows if F ⊂ M → S 1 is a fibering, and M is a Seifert manifold, we call F the 'leaf' of the fibering; and the fibers of the Seifert fibration of M are still called the 'fibers' of M.
We always suppose that the fibering over S 1 is equivariant with respect to the Seifert fibration, that is, the leaf of the fibering is transversal to all the fibers of M.
It is known [6, pp. 120-121] , that the (irreducible) Seifert manifold M fibers equivariantly over S 1 with leaf a closed surface if and only if h has infinite order in H 1 (M), where h is the class of an ordinary fiber of M.
Note that the excluded manifolds in the hypothesis of the Orlik Theorem, that is, the non-irreducible Seifert manifolds are the two S 2 -bundles over S 1 , S 2 × S 1 , and S 2 ⊗ S 1 ; and P 3 #P 3 , where P 3 is the projective space. If we add to this list the manifold P 2 × S 1 , then we obtain a list of all the non P 2 -irreducible Seifert manifolds.
We emphasize that we shall consider only equivariant fiberings over S 1 with respect to the Seifert structure of M. For instance, if M = (No, 1|(1, 0)), then 2h = 0 in H 1 (M), and therefore M has no equivariant fiberings over S 1 . Yet M ∼ = K 2 × S 1 , where K 2 is the Klein bottle; of course in this last Seifert structure, K 2 × S 1 = (NnI, 2|(1, 0)) the fiber, which is the class of the S 1 factor, has infinite order in
We are interested in the nature of the fiberings over S 1 of the Seifert manifolds, and, mainly, if F ⊂ M → S 1 is a fibering, we are looking for the surface F for which the Euler characteristic, χ(F ) is maximal. In this section we prove 
(
ii) If λ(M) is even, then F is non-orientable, and if k is even, then χ(F ) is even. The leaf of maximal Euler characteristic satisfies
where α = lcm{α 1 , . . . , α r }, and G is the orbit surface of M, and λ(M) is as defined in Section 2.
Let ϕ : F ⊂ M → S 1 be a fibering, where M is the irreducible Seifert manifold (Xx, m| (1, b) , (α 1 , β 1 ), . . . , (α r , β r )). Let p : M → G be the orbit projection of M. We assume that F is transverse to all the fibers of M. Since M is irreducible, we know that F ∼ = S 2 . We suppose also that F ∼ = P 2 , which is a condition equivalent to M ∼ = P 2 × S 1 .
Let H H 1 (M) be a cyclic subgroup which is a direct summand of H 1 (M), and such that, the fiber,
where h = αu, and α 1. It is easily seen that α is a well defined integer, depending only on 
By the Riemman-Hurwitz formula we see that
, and, therefore, we have an epimorphism
where Ab is the Abelianization homomorphism. Following [9] we can construct a fibering 
Since g is an epimorphism, there exists v ∈ H such that g(v) = y; by hypothesis there exists t ∈ G and k ∈ Ker g such that
Let us suppose that Im p = p(Ker g). Let x ∈ H . By hypothesis there exists k ∈ Ker g such that p(x) = p(k); therefore p(xk −1 ) = 1, and so xk −1 ∈ Im f ; thus there exists r ∈ G such that xk 
Since B is a closed surface, π 1 (B) = x 1 , . . . , x n : s = 1 (non-Abelian presentation), where s is a product of commutators, or a product of squares, if B is orientable or not, respectively; therefore 
in particular, α i divides q for i = 1, . . . , r; and we have that α = lcm{α 1 , . . . , α r } divides q. Assume now that α = q. This happens if and only if
Im ϕ # is the natural projection. By Lemma 3.1 this condition is equivalent to say that ϕ # • i # is an epimorphism, for i # is an epimorphism.
Since the diagram of homomorphisms
commutes, it follows that ϕ| # • i # is an epimorphism if and only if ϕ # is an epimorphism, for j # is an epimorphism.
(ii) If F is non-orientable, then B is non-orientable clearly. Suppose B is non-orientable, and F is orientable. Let W π( B) be the index 2 orientation subgroup, then Im ϕ| # W ; since Im ϕ| # · Ker i # = π 1 ( B), it follows that there exist elements in Ker i # which reverse the orientation in B, for the index of W in π 1 ( B ) is 2. This contradicts the fact that Ker i # is generated by the boundary components of B, as shown in the proof of case (i). This contradiction shows that F must be non-orientable. 
Proof. We call
be the natural projection. Since
for some positive integer q, and where
q} is a subgroup of π 1 ( G) of index α, and Im ϕ| # H . Thus there exist ψ : F → F a covering space of degree q, andĝ : F → G a cyclic covering space of degree α which factor ϕ|. Realizing a Fox compactification, we obtain ψ : F → F a covering space of degree q, andḡ : F → G a cyclic branched covering of total degree α, which is primitive by Lemma 3.2.
Proof of Theorem 3.1. Suppose that M is orientable and irreducible. (i) If M ∈ (On, k), then the relation 2h = 0 holds in H 1 (M), and therefore M does not fiber over S 1 [6] . g|(1, b), (α 1 , β 1 ) , . . . , (α r , β r )), then If either M is of class No, NnII, or NnIII, then 2h = 0 in H 1 (M); therefore M does not fiber over S 1 [6] . Now suppose that M = (NnI, k|(1, b), (α 1 , β 1 ), . . . , (α r , β r ) ). Then
Case 1: λ = λ(M) is odd, say λ = 2 + 1. Define w = − u r + t, and v = λu r − 2t; then it holds, in H 1 (M), that u r = 2w + v, and t = λw + v. Using the corresponding Tietze moves we see that
thus ϕ(h) = αu r = 2αw has infinite order in H 1 (M), and M fibers over S 1 with leaf a surface F ⊂ M such thatḡ = p|F : F → G is a cyclic branched covering of total degree 2α (see Fact 1 at the beginning of this section). Notice that the cyclic direct summand of
If there were another fibering F ⊂ M → S 1 we obtain, as in the proof of Lemma 3.3, a covering space F → F . Therefore χ(F ) χ(F ), and F is orientable, if F is orientable.
We have established the fact that in case there exists a fibering F ⊂ M → S 1 with orientable leaf, and such that the associated branched covering F → G has total degree 2α, then all the possible fiberings M → S 1 have orientable leaf. Moreover, in this case, that such an orientable F exists, consider ρ : G → G the orientation double covering space. We have the factorization We shall exhibit a fibering of M over S 1 with the above properties, and with F orientable. And Theorem 3.2 will follow in this case. 
Proof.
Let nX denote the disjoint union of n copies of the space X. Let Γ be the union of the line segments −1 m=0 {te 2πim/ : 0 t 1}. We construct a branched covering
as follows:
Let S 1 ⊂ R 3 be the boundary of a small regular neighbourhood of Γ α n × {0} in R 3 . Then S 1 ∼ = S 2 . For each j ∈ {2, . . . , α/α n }, let S j be the image of S 1 under the rotation of R 3 with axis of rotation the z-axis and angle 2π(jβ n )/α, followed by the translation of R 3 given by (x, y, z) → (x, y, z + j ) . We see that
be the homeomorphism such that, if x ∈ S j (j = 1, . . . , α/α n−1 ), then ψ n (x) is the point obtained by a rotation of R 3 with axis the z-axis and angle 2π(β n /α), and then translating a distance of 1 in the direction of the z-axis; and if x ∈ S n , then ψ n (x) is the point obtained by a rotation of R 3 along the z-axis of angle 2π(β n /α), and then translating a distance of α/α n in the negative direction of the z-axis. Clearly the quotient
and we let
be the natural projection of this quotient. We see that ϕ n is a cyclic branched covering of total degree equals to α, branched along two points p n , p n ∈ S 2 , and of local degree atp equal to α n , forp
Then there is a branched covering ϕ : F → S 2 of total degree α, branched along 2r points p 1 , p 1 , . . . , p r , p r ∈ S 2 , and local degree α n at each point of the preimage of p n and p n , n = 1, . . . , r, where F is some surface (one can use the Riemman-Hurwitz formula to find out who is F ). This covering ϕ is obtained by forming the fiber connected sum ϕ 1 #ϕ 2 # · · · #ϕ r along principal fibers (for example, to obtain ϕ 1 #ϕ 2 , choose two 2-disks D 1 , and D 2 in the basis of ϕ 1 , and ϕ 2 , respectively, and form the equivariant connected sum, downstairs, along D 1 , and D 2 , and, upstairs, along ϕ
). Now consider the covering η : α G → G of α sheets which is a homeomorphism when restricted to any component of α G; and form the fiber connected sum ϕ : ϕ #η : F → G along principal fibers, thus F = F #α G, and G → G is the orientation double covering of the orbit surface G. The branched covering ϕ is cyclic and has a covering translatioñ g : F → F of finite period α.
Remark.
F
. , (α r , β r ), (−α r , β r ) ,
and, after normalization
where, by Theorem 3.1,
Let u : G → G be the nontrivial covering translation of G → G. We lift u to a homeomorphismũ : F → F such thatũ •g =g •ũ. This is possible, for (F × I )/g is the orientation double covering of M, whose nontrivial covering translation v, when projected to its orbit surface G, is precisely the involution u [8, §9] . We letũ be the restriction of this v to the surface F .
Finally we let g =g •ũ : F → F which is the homeomorphism required in the lemma.
Proof of Theorem 3.2 (continuation).
Case 2: λ = λ(M) is even, say λ = 2 . Define w = t − u r ; using the corresponding Tietze moves, we obtain
Then ϕ(h) = αu r has infinite order in H 1 (M), and therefore M fibers over S 1 with leaf a surface F such that p| : F → G is a cyclic branched cover of degree α. Notice that the cyclic direct summand of H 1 (M) which contains h is H = u r . The surface F must be non-orientable by Lemma 3.2. In case k is even, F is nonorientable with χ(F ) even. For if χ(F ) is odd, then there exists γ ⊂ F a simple loop which is orientation reversing in F , and γ has order 2 in H 1 (F ). Since F is two-sided in M, γ is also orientation reversing in M, and therefore, γ is not nullhomologous in M.
, that is, γ has finite order in H 1 (M), and by Lemma 1.1 we see that βw 1 (M) = 0. This contradicts Theorem 2.1, for k is even.
Stiefel-Whitney surfaces for Seifert manifolds
We let PD : H 1 (M; Z 2 ) → H 2 (M; Z 2 ) denote the Poincaré duality isomorphism associated to the 3-manifold M.
Let M be a non-orientable 3-manifold and F ⊂ M. We call F a Stiefel-Whitney surface for M if and only if F is an orientable surface, and
Using the connectedness of F it is easy to see
Lemma 4.1. Let F ⊂ M be an orientable surface. F is a Stiefel-Whitney surface for M if and only if M − F is orientable.
There is a nice geometric characterization of the class of non-orientable manifolds with Bockstein zero: Lemma 4.2 [1] . Let M be a non-orientable 3-manifold. Then βw 1 
(M) = 0 if and only if there exists F ⊂ M a two-sided Stiefel-Whitney surface for M.
The following theorem is a key fact for the understanding of the non-orientable Seifert manifolds.
Theorem 4.1. Let M be a non-orientable Seifert manifold with orbit projection p : M → G. Then there exists a fibered torus T ⊂ M such that T is a Stiefel-Whitney surface for M.
In the following cases T is two-sided in M:
And in the following cases T is one-sided in M:
Remark. It will be seen in Propositions 4.2 and 4.3 that in the cases (i)-(iii) of Theorem 4.1, necessarily T is two-sided in M, and in the cases (iv), and (v), necessarily T is one-sided in M. Recall that T is a 'vertical' torus in M, that is, T is a union of fibers of M.
Proof of Theorem 4.1. Let e : H 1 (G) → Z 2 be the valuation of the orbit surface G. 
The valuation of G is the trivial homomorphism in this case; therefore T = p −1 (b) is a two-sided fibered torus; and M − T is orientable, for G − b is orientable and the valuation, when restricted to G − b, is the trivial homomorphism.
(iii) Suppose M ∈ (NnIII, k), and let {v 1 , . . . , v k } a fundamental system of curves for G, where v i is orientation reversing in G, i = 1, . . ., k. The valuation of G is the homomorphism such that e(v 1 ) = e(v 2 ) = +1, and e(v i ) = −1, for i = 3, . . . , k. Let w ∈ G be a simple closed curve homotopic to v 1 + v 2 ; then w is two-sided in G, and e(w) = e(v 1 )e(v 2 ) = +1; therefore T = p −1 (w) is a two-sided fibered torus in M, and M − T is orientable, for G − w is a non-orientable surface, and the valuation of G − w is −1 in the curves of a canonical basis of orientation reversing curves, namely, on v 3 , . . . , v k ; and is +1 on the boundary components.
(iv) Suppose M ∈ (NnI, 2k + 1); then G is the connected sum of an orientable surface of genus k, plus a crosscap. If w is the one-sided simple closed curve of the crosscap in G, then T = p −1 (w) is a one-sided fibered torus in M, and M − T is orientable, for G − w is orientable, and the valuation of G − w is the trivial homomorphism.
(v) Suppose M ∈ (NnII, k), and let {v 1 , . . . , v k } be a fundamental system of orientation reversing curves for G. The valuation of G is the homomorphism such that e(v 1 ) = +1, and e(v i ) = −1 for i = 2, . . . , k. Therefore T = p −1 (v 1 ) is a one-sided torus in M, and M − T is orientable, for G − v 1 is non-orientable and its valuation is as in case (iii).
Proposition 4.2. In cases (iv) and (v) of Theorem 4.1, if T ⊂ M is a two-sided fibered torus, then M − T is non-orientable.
Proof. In case (v) it is impossible that there exists a two-sided surface whose complement in M is orientable, for βw 1 (M) = 0.
In case (iv), if T ⊂ M is a two-sided fibered torus, then p(T ) ⊂ G is a two-sided curve in the orbit surface G; therefore G − p(T ) is non-orientable, for χ(G) is odd; since the valuation of G − p(T ) is the trivial homomorphism, it follows that M − T is nonorientable.
Proposition 4.3. In cases (i)-(iii) of Theorem 4.1, if T ⊂ M is a one-sided fibered torus, then M − T is non-orientable.

Proof. Let p : M → G be the orbit projection of M. Then p(T ) is a one-sided curve in G.
In case (i) there are no one-sided curves on G, so there are no one-sided fibered tori in M.
In case (ii), since χ(G) is even, G − p(T ) is non-orientable, and its valuation is the trivial homomorphism. Thus M − T is non-orientable.
In case (iii), since p(T ) is a one-sided curve of value +1 in G, there must exist in G at least another one-sided curve of value +1 in G; on the contrary M would be of class NnII. Therefore the valuation of G − p(T ) has a one-sided curve of value +1. It follows that M − T is non-orientable.
Remark. Let M be a non-orientable Seifert manifold and let T ⊂ M be a vertical StiefelWhitney torus. Then M = M − N (T ) is an orientable Seifert manifold whose boundary is either one torus or two tori, depending on if T is one-sided or two-sided, respectively. If T is one-sided we obtain M * = M ∪ V an orientable closed Seifert manifold, where V is an ordinary fibered solid torus of type (1, 0), and the glueing is by a fiber preserving homeomorphism of the boundaries. If T is two sided we close M with two copies of V to obtain M * . The manifold M * will be called the associated orientable Seifert manifold in the following sections.
Notice that β 1 ) , . . . , (α r , β r ) ; k|(1, b), (α 1 , β 1 ), . . . , (α r , β r ) ), then β 1 ) , . . . , (α r , β r ) ; k|(1, b), (α 1 , β 1 ), . . . , (α r , β r ) ), then
. , (α r , β r ) .
Following [4] , we define the Stiefel-Whitney genus of M, SWg(M), as the minimal genus of any two-sided Stiefel-Whitney surface for M, in case βw 1 (M) = 0, and as the minimal genus of any Stiefel-Whitney surface for M in case βw 1 (M) = 0 (if M is orientable, SWg(M) is defined to be 0). To see that (iiib) holds, let F ⊂ M be a two-sided Stiefel-Whitney surface for M. Doing surgery on F , and discarding the resulting bounding 2-sphere components, we obtain an incompressible, two-sided, orientable 2-manifold
Theorem 4.2. Let M be a non-orientable Seifert manifold. Then
. . , t. By Proposition 4.2, some component (and thus, each component) F i of F is not a fibered torus; therefore F i is transversal to all the fibers of M, and M fibers over S 1 with leaf F i (see [5] ). It follows that
by Theorem 3.2; and in fact
where F is of minimal genus, and G is the orbit surface of M. Since χ( F ) = 2 − 2g( F ), and χ(G) = 1 − 2k, it follows [4] that
Heegaard splittings of non-orientable Seifert manifolds
We let h(M) denote the Heegaard genus of the 3-manifold M. We shall use some special Heegaard splittings for the orientable Seifert manifolds, which we construct in the proof of the following lemma. Notice that this is a particular case of the results of [2] . k|(1, b), (α 1 , β 1 ) , . . . , (α r , β r )), then: 
Then W is a solid torus, and W ∩ V r is an annulus with core a curve c ⊂ W which generates π 1 (W ). By the van Kampen Theorem, π 1 (W ∪ V r ) ∼ = Z, so W ∪ V r is a solid torus. Let a 1 , . . . , a 2g be a fundamental system of curves of G, based on x 1 ∈ D 1 , and such that a i intersects D 1 in a radius, and a i misses D j for j = 1; we let a i = a i ∩ G, and
. ., r − 1; then w 1 , . . . , w 2g+r−2 is almost a system of disks for the handlebody H 1 , that is,
is an annulus with core a curve c which spans π 1 (W ); again by the van Kampen Theorem π 1 (W ∪ W ∪ V r ) ∼ = Z, and therefore W ∪ W ∪ V r is a solid torus. We conclude that H 1 = H 1 ∪ W ∪ V r is a handlebody of genus g(H 1 ) = 2g + r − 1. Then H 1 , H −1 is a Heegaard splitting for M of genus 2g + r − 1, and, so, h(M) 2g + r − 1.
Suppose that r = 1.
By a similar construction as above, we can obtain a Heegaard splitting of M of genus 2g + 1.
By construction of M, the intersection H −1 ∩V 1 is an annulus with core a curve c ⊂ H −1 ; if h is a fiber in ∂V 1 , and q 1 ⊂ ∂V 1 is a cross curve, then the meridian of V 1 is homotopic to q
To recover M, we must glue M with V 1 by a (fiber preserving) homeomorphism of the boundaries, which sends the curve c to the cross curve q 1 . If
Therefore π 1 (W ) is a free group in 2g generators in case bα 1 + β 1 = ±1, and, so, if 1, 2) . In 
Notice that we are, in fact, reversing the process of splitting M along a two-sided fibered Stiefel-Whitney torus, and closing the resulting boundaries with two ordinary fibered solid tori. This will be the strategy of the proof in all the cases. So we obtain a Heegaard splitting
where h is the class of an ordinary fiber of M. By [7, Satz 3] , the rank r(π) = 2g + r − 1, 
where h is the class of an ordinary fiber of M. By [7, Satz 3, Korollar] , the rank r(π) = k + r − 1. Therefore h(M) = k + r − 1.
Suppose r = 0. Then k|(1, b), (α 1 , β 1 ) , . . . , (α r , β r )), with k 1 even; then the associated Seifert manifold M * = (Oo, (k − 2)/2| (1, b), (α 1 , β 1 ), . . . , (α r , β r ) 
where h is the class of an ordinary fiber of M. So the rank r(π) = k + r − 1. Therefore β 1 ) , . . . , (α r , β r )), with k 1 odd; then the associated Seifert manifold M * = (Oo, (k − 1)/2| (1, b), (α 1 , β 1 ) , . . . , (α r , β r )) has a Heegaard decomposition H * 1 , H * −1 based on the orbit surface G * of M * , as in Lemma 5.1. To obtain M from M * , we choose a disk w ⊂ G * disjoint from the disk D * ⊂ G * which contains the projection of all the exceptional fibers of M in its interior. In 
where h is the class of an ordinary fiber of M. So the rank r(π) = k + r − 1. Therefore β 1 ) , . . . , (α r , β r )), k 2; then the associated Seifert manifold M * = (On, k − 1| (1, b), (α 1 , β 1 ) 
where h is the class of an ordinary fiber of M. So the rank r(π) = k + r − 1. Therefore
Remark. The Heegaard splittings shown in the proof of Theorem 5.1 can be constructed directly, making no reference to the proof of Lemma 5.1. But we want to emphasize the connection between the non-orientable Heegaard splitting of our manifold, with the orientable Heegaard splitting of the associated orientable Seifert manifold because this passage will be useful in Theorem 6.1, below.
Tri-genera of Seifert manifolds
Following [4] we say that a non-orientable manifold M has splitting type (g 1 
Remark. In the following we shall decompose the exterior of W 3 into either two solid tori, or into two balls and a handlebody of genus two.
We know that H −1 is an I -bundle W over G with projection In case T is two-sided, let A = N (t 1 × I − W 0 ) be a regular neighbourhood in W 2 , and let W 2 = W 2 − A. Then W 2 ∩ W 2 is a 2-disk, and so W 2 = W 2 ∪ W 2 is homeomorphic to W 2 , a cube with two handles. Let W 3 = W 3 ∪ A; since A is a 3-ball, and intersects W 3 in two 2-disks, and A is outside T , which is a Stiefel-Whitney surface for M, then W 3 is an orientable handlebody of genus g(W 3 ) = g(H −1 ) + 1 = h(M) + 1.
Summarizing, if T is one-sided, then M is of type (1, 1, h(M)), and if T is two-sided, then M is of type (0, 2, h(M) + 1).
Suppose r 1. Then we perform the corresponding similar constructions, and we obtain that if T is one-sided, M is of type (1, 1, h ) ; and if T is two sided, then M is of type Questions. Let M be a non-orientable manifold such that none of its prime summands is a bundle over S 1 with orientable fiber. Let g be the Stiefel-Whitney genus of M.
If βw 1 (M) = 0, then M has tri-genus (0, 2g, g 3 ). Is it true that g 3 = h(M) + 1?
